Abstract. The Peccei-Quinn mechanism proposed to solve the CP problem of Quantum Chromodynamics has as consequence the existence of axions, hypothetical weakly interacting particles whose mass is constrained to be on the sub-eV range. If these particles exist and interact with electrons, they would be emitted from the dense interior of white dwarfs, becoming an important energy sink for the star. Due to their well known physics, white dwarfs are good laboratories to study the properties of fundamental particles such as the axions. We study the general effect of axion emission on the evolution of helium-rich white dwarfs and on their pulsational properties. To this aim, we calculate evolutionary heliumrich white dwarf models with axion emission, and asses the pulsational properties of this models. Our results indicate that the rates of change of pulsation periods are significantly affected by the existence of axions. We are able for the first time to independently constrain the mass of the axion from the study of pulsating helium-rich white dwarfs. To do this, we use an estimation of the rate of change of period of the pulsating white dwarf PG 1351+489 corresponding to the dominant pulsation period. From an asteroseismological model of PG 1351+489 we obtain g ae < 3.3×10 −13 for the axion-electron coupling constant, or m a cos 2 β 11.5 meV for the axion mass. This constraint is relaxed to g ae < 5.5 × 10 −13 (m a cos 2 β 19.5 meV), when no detailed asteroseismological model is adopted for the comparison with observations.
Introduction
One of the main unsolved problems of the standard model of particle physics is the so-called CP-problem of Quantum Chromodynamics. The Standard Model does not provide a reason for the absence of CP-symmetry violation in strong interactions. In 1977, [1] proposed a mechanism to solve this problem. One of the consequences of this mechanism would be the existence of a new particle, the so-called axion [2] . The proposal of [1] in its original form was ruled out by the experiments (e.g. [3] and references there in). Currently, there are being discussed two types of axion models that are called invisible axion models, such as the KSVZ model [4, 5] and the DFSZ model [6, 7] . In the KVSZ model axions couple to hadrons and photons, while in the DFSZ model these particles also couple to charged leptons like electrons. In this work we are interested in DFSZ axions, i.e. those that interact with electrons.
The coupling strength of DFSZ-type axions to electrons is defined by an adimensional coupling constant g ae , whose expression is: where m a is the axion mass in units of meV, and cos 2 β is a free, model dependent parameter.
Axions have been proposed as candidates for dark matter [8] . The contribution of these particles to dark matter is dependent on their mass (or coupling constant). However, the models do not provide information about the value of the axion mass, and therefore it has to be inferred from observations. In particular, stars can be employed to place constraints on the mass of the axion [8, 9] . DFSZ-type axions would be emitted from the dense core of white dwarfs (WDs), which are among the most studied classes of stars. These stars represent the final stage of the evolution of low and intermediate mass stars (see [10] and references therein). Our knowledge of the physical processes governing the evolution of WDs relies on solid grounds, since the basic principle in their evolution is a well understood and simple cooling process. This fact makes WDs useful laboratories to provide constraints on g ae [11] . Due to their large mean free path, if axions of DFSZ type exist, would be emitted and would scape almost freely from the WD interiors. Therefore, the emission of axions would increase the cooling rate of a WD. For increasing values of axion mass, and hence of the coupling constant g ae , the axion emission becomes higher, thus implying an important energy sink and larger cooling rates for the WD. As WD stars evolve, they pass through stages where they are pulsationally unstable. Some of the observed WDs are pulsating stars, that exhibit luminosity variations with periods between 100-1500 s due to non-radial g (gravity) modes, which are a type of modes whose main restoring force is gravity. The pulsation periods of variable WDs change secularly due to the adjustments in the mechanical and thermal structure throughout their evolution. The rate at which periods vary depends on two independent processes acting together [12] : the cooling of the region where the oscillations are relevant, and the gravitational contraction of the outer layers of the star. The first process has the consequence of increasing the periods, while the second one has the opposite effect, shifting the periods to shorter values. This last process is less important than the former in the case of DAV and DBV WDs (pulsating WDs with hydrogen-rich and helium-rich surface compositions, respectively), where the degeneracy degree of the plasma prevents the star to have significant changes on its radius. Then, it is expected that DAV and DBV WDs have positive values of the rate of change of their periods (Π). If the rate of cooling of the star increases, the lengthening of the periods became greater. Therefore, the existence of axions would have the effect of increaseΠ, the magnitude of this increase being larger for a grater axion coupling constant. In this sense, measurements ofΠ in pulsating WDs can be used to put bounds to the axion-electron coupling constant. The possibility of using the rate of change of period of a pulsating WD to constrain the value of the axion mass was first proposed by [13] . They obtained a value of m a cos 2 β 8.7 meV (g ae 2.4 × 10 −13 ) using a measurement ofΠ corresponding to the mode of period 215 s of the DAV G117-B15A. [14] derived a bound to the axion mass of m a cos 2 β 4.4 meV (g ae 1.2 × 10 −13 ) using, for the first time, an asteroseismological model for G117-B15A and a new measurement of theΠ of the same period of pulsation. Later, [15] obtained an upper limit of 13.5 meV (g ae 3.8 × 10 −13 ) or 26.5 meV (g ae 7.4 × 10 −13 ) depending on the thickness of the hydrogen (H) envelope of the asteroseismological model. The measured value ofΠ corresponding to the mode with period of 215 s of G117-B15A has varied with time, approaching in the last measurements to a value ofΠ ∼ 4 × 10 −15 s/s [16] . Using the latest measure ofΠ and a new detailed asteroseismological model developed by [17] , [18] derived a new value for the mass of the axion. These authors report that the difference between the observed and theoretical rates of change of period is consistent with the emission of axions with m a cos 2 β = 17.4
−0.8 × 10 −13 ). [19] obtained a similar result using a measurement of the rate of change of period of another DAV star, R548, corresponding to the pulsation mode with a period of 213 s. In their analysis they obtained a value of m a cos 2 β = 17.1
Besides the measurement of the secular period drift of pulsating WDs, WD cooling times can also be inferred from the luminosity function of white dwarfs (WDLF). Comparing the WDLFs constructed from theoretical models with observed WDLFs, it is possible to constrain the value of the axion mass. This technique was first used by [20, 21] , who employed the Galactic Disk WDLF. These authors found that values greater than 10 meV for the axion mass should be discarded. [22] revisited the effects of axion emission in the Galactic WDLF. carried out in that work disfavour axion masses in the range m a cos 2 β 10 meV (g ae 2.8 × 10 −13 ) while lower axion masses cannot be discarded. [23] derived a limit to the axion mass from the hot WDLF of the globular cluster 47 Tucanae. These authors claim a 95% confidence limit (CL) of g ae < 8.4 × 10 −14 , which implies a tight constraint on the axion mass of m a < 3 meV. Another bound to the axion mass can be obtained from the ignition of helium in low-mass stars in the red giant branch. In particular, [24] obtained an upper bound of m a cos 2 β 9 meV (g ae 2.5 × 10 −13 ). More recently, [25] obtained a constraint at 68% CL of m a cos 2 β < 9.3 meV (g ae < 2.6 × 10 −13 ). Finally, the search for solar axions from the Korea Invisible Mass Search experiment at the Yangyang Underground Laboratory gives as a result, for DFSZ axions, a limit at 90% CL of m a cos 2 β < 496 meV (g ae < 1.39 × 10 −11 ) [26] .
The constraints mentioned above do not agree (at 68% CL) with the last values of the axion mass derived from the asteroseismological studies of the DAV G117-B15A [18] and R548 [19] . It is worth mentioning that G117-B15A and R548 have similar structural and pulsational features. Both stars have comparable effective temperatures and surface gravities, and also the pulsation modes for which it has been possible to measure a value ofΠ, have very similar periods. Thus, the asteroseismological models for both stars have similar characteristics, and the periods are associated with the same pulsational eigenmode, that is characterized 1 by = 1 and k = 2. In this context, it is of great interest to obtain a bound to the axion mass from the measurement of the rate of change of period using a star of different characteristics of G117-B15A and R548. Moreover, analysing the actual hints of stellar cooling excesses, [28] found that axion like particles, among other exotic particles, seem to be the most probable responsible for the stellar cooling excesses. The results of [28] , in addition to the ubiquity of unknown systematic errors on the constraints determined by astrophysical considerations to g ae , reinforces the great importance of having independent constraints. DBV white dwarfs are hotter than the DAVs, as consequence, the impact of axions emission would be significantly higher. Furthermore, for the evolutionary stages of DBV stars, the cooling rate is larger than for the DAVs. As a result, DBV WDs have rates of change of period about two orders of magnitude greater than the DAVs [29] . However, due to the difficulty in finding stable periods in this type of stars, a measurement of the period drift for these stars was lacking. Fortunately, [30] have been able to estimate a measurement ofΠ of the DBV WD PG 1351+489 whose value isΠ = (2.0 ± 0.9) × 10 −13 s/s and corresponds to the mode of higher observed amplitude and period ∼ 489 s. The aim of this paper is, first, to study the impact of axion emission on the evolutionary and pulsational properties DB WDs. In particular, we are interested in assessing the effect of axion emission onΠ. The second goal of this paper is to derive a new and independent bound on the axion-electron coupling constant, based on the recent estimations ofΠ in PG 1351+489.
The paper is organized as follows. In section 2 we describe briefly the input physics and numerical tools. In section 3 we discuss how axion emission impact on DB evolution and DBV pulsation properties. Section 4 is dedicated to present the bounds on g ae derived from the DBV star PG 1351+489. Finally, in section 5 we summarize our results and conclusions.
Input physics and numerical tools
The evolutionary models employed in this work were computed with the LPCODE stellar evolution code [31] [32] [33] . LPCODE has been used in a wide variety of studies of low-mass stars evolution, as the formation and evolution of different types of WDs [34] [35] [36] [37] [38] . The pulsation calculations were computed with the adiabatic, stellar pulsation code LP-PUL [39, 40] , which is coupled to the LPCODE. LP-PUL code has been used in many studies of non-radial pulsations of different types of stars, particularly, was extensively used to study pulsations on WDs and pre-WD stars [17, [41] [42] [43] [44] . The initial DB-WD models were obtained by [34] , as described in [35] , by calculating the complete stellar evolution from the Zero Age Main Sequence. The helium-rich envelope is the consequence of a born again episode, where almost all of the H content is violently burned (see e.g. [34] ). After the born again episode, the H-deficient remnant evolves to the stage of PG 1159 stars, and finally to the WD domain. The WD cooling sequences computed in this work take into account thermal and chemical diffusion, and gravitational settling of chemical elements, as described in [45] . The diffusion coefficients of these processes are taken from [46] . The equation of state for the low-density regime is that of [47] , while for the high-density regime we consider the treatment given in [48] . The conductive opacities are those of [49] . The neutrino emission processes taken into account are the photoproduction, pair-annihilation, Bremsstrahlung effect, and plasmon emission. This last one is the most relevant in the evolutionary stages of interest in this work (DBV total nodal lines on the star surface, the azimuthal order m, which is the number of longitudinal nodal lines, and the radial order k, which represents the number of radial nodes [27] . For non-rotating stellar models, as is the case in this work, m = 0. instability strip), and the emission rate were taken form [50] . The emission rates of the other neutrino processes were obtained from [51] . The DFSZ axion emission processes included are the Compton and Bremsstrahlung processes, being this last one the only relevant in the white dwarf stage. Axion emission is included as an additional energy sink term in the energy equation, following the prescriptions of [52] for Bremsstrahlung process, and [24] for Compton emission. In particular, the axion Bremsstrahlung emission for multicomponent plasmas for the regime of strong ionic correlations is given by
where the sum is taken over all considered nuclear species, being X j , Z j and A j their abundance per unit mass, atomic number and mass number respectively. F j are corrections for ionic correlation effects [52] , and are functions of the density (ρ) and temperature (T ). T 7 is the temperature measured in units of 10 7 K. For a more detailed description of how the emission of axion is included into the LPCODE see [22] .
3 Effects of axion emission on DB WDs
Impact on the evolutionary properties
During the hot stages of helium-rich WDs, cooling is dominated by neutrino and photon emission. Neutrino emission is dominant at the beginning of the WD-cooling track, but it becomes less relevant than photon emission by the time evolution has proceeded to the domain of the DBVs, at luminosities log L γ /L ∼ −1, that correspond approximately to the luminosity characteristic of the instability strip of DBVs. With further evolution, neutrino emission ceases, and cooling is due to photon emission.
To assess the impact of axion emission on the evolutionary properties of DB WDs we computed evolutionary sequences for stellar masses of 0.515, 0.609 and 0.870 M and the following axion masses: 5, 10, 20 and 30 meV, thus covering the range of axion mass allowed by astrophysical considerations. We computed the WD evolutionary sequences in a selfconsistent way, by taking into account the feedback of the axion emission into the thermal structure of the WD. As a result of this feedback, neutrino emission is altered, as found in [22] for the case of DAVs. This is illustrated in the left panel of Figure 1 for our 0.870 M sequence, which shows that neutrino emission decreases with an increasing mass of the axion. This is because the production of neutrinos and axions takes place at approximately the same region in the WD interior. Axion emission deceases the inner temperatures of those regions in which they are produced, with the result that neutrino emission is markedly reduced, as compared with the situation in which axions are disregarded. However, the global effect is that, while neutrino emission decreases, the emission of axions still produces a net acceleration of the cooling. The resulting increase in the cooling rate becomes more important for larger axion masses (or coupling constant), as shown in the right panel of Figure 1 , where we depict the photon luminosity in terms of the cooling time for the sequences of 0.870 M and different axion masses.
Impact on the pulsational properties
The luminosity variations observed in WDs are due to non-radial g modes with typical periods between 100 s and 1500 s. In order to study the effects of axion emission in the periods (Π) and the rate of change of periods (Π) of the DBV stars, we computed the evolution of WD models for all the stellar masses and axions masses considered in section 3.1 including the calculation of pulsations in the wide range of effective temperature characterizing the instability strip of the DBVs: ∼ 30000 K to 22000 K. Figure 2 , but for the rates of period change. Figure 2 shows the pulsation periods with harmonic degree = 1, radial order k = 1, 5 and 10, for effective temperatures of 22000 K, 26000 K and 30000 K, and WD masses of 0.515, 0.609 and 0.870 M , in terms of m a cos 2 β. The variation in the periods due to axion emission, for a fixed effective temperature, is of around 5%. This is because the structure of the WD does not change significantly by considering axion emission. This result was first obtained by [14] for the DAV WDs.
For the case of the DBVs, since the effects of gravitational contraction inΠ are negligible, theΠ provides a measure of the cooling rate of the star. As cooling times are affected by axion emission,Π significantly increases when we consider axion emission, at variance with the negligible variations obtained for the periods. This result is consistent with the findings of [14, 18, 19] for DAV WDs. In Figure 3 the effect of axion emission onΠ is plotted for the same WD models and eigenmodes of Figure 2 .
Constraints on axion mass from the DBV star PG 1351+489
As mentioned, in order to get a bound to the axion mass independently of that derived by asteroseismological studies of DAV stars, it would be of great interest to employ a measured value ofΠ of a DBV WD. Fortunately, [30] obtained an estimate of the rate of change of a period of a DBV WD, PG 1351+489, whose value isΠ = (2.0 ± 0.9) × 10 −13 s/s and corresponds to the mode of larger observed amplitude with period ∼ 489 s. PG 1351+489 is one of the 22 DBVs stars detected up to date [53, 56] . Since the discovery of this star as [54] . The green square correspond to an atmosphere with impurities of H and is from [55] . The dashed black lines are the evolutionary DB-WD sequences for different stellar masses taken from [35] . a variable DB star [57] , it was considered as a good candidate to measure a value of a rate of period change. This is because of the presence of a single high-amplitude pulsation mode (that with a period of 489 s) in its power spectrum. In addition, there are three other normal pulsation modes of low-amplitude detected in this star [30, 58] .
The value obtained by [30] forΠ was employed to place constraints to the neutrino magnetic dipole moment by [53] , who found a detailed asteroseismological model for PG 1351+489 with a value ofΠ = 0.81 × 10 −13 s/s which is smaller respect to the observed one. In this work, we use the value ofΠ estimated by [30] to derive a limit for the axion-electron coupling constant, motivated by the results presented in section 3, i.e., that the emission of axions is significant in the range of effective temperature characterizing the DBV instability strip, affecting in a considerable way the rates of change of period. We follow the same procedure as in [53] . First, we derive a bound fully relying on a detailed asteroseismological model for PG 1351+489. Second, we derive a less restrictive upper bound on the axion mass using models that take into account the wide range of effective temperatures derived spectroscopically for this star.
Constraints from an asteroseismological model for PG 1351+489
The asteroseismological model of [53] for PG 1351+489 was obtained adopting the full evolutionary WD models computed by [35] T eff = 25775 ± 150 K, surface gravity log g = 8.103 ± 0.020 (in cgs) (see Fig. 4 ), and total helium (He) content M He /M ∼ 5.5 × 10 −3 . In order to obtain models with different axion masses, we computed the WD evolution from the same model of M = 0.664 M for different axion masses. This was performed early in the WD evolution (at high luminosities) to allow the WD structure to relax to the new energy sink by the time it reaches the temperatures typical of DBV stars. The adopted values of axion mass were m a cos 2 β from 0 meV to 20 meV in steps of 2 meV. At fixed effective temperature the periods do not vary significantly when axion emission is taken into account (sec. 3.2). Therefore, we constrain the axion mass by using the same asteroseismological model (M , T eff , M He ) that we considered for the case of g ae = 0. The results are plotted in Figure 5 , where we show the values ofΠ for the different values of the axion mass. The uncertainty in the theoretical value ( Π = 0.5 × 10 −13 s/s) takes into account the coarseness of the mass grid adopted in the determination of the asteroseismological model. Below, we discuss briefly the theoretical uncertainties. We obtain a constraint for the axion mass of m a cos 2 β 11.5 meV (g ae 3.2 × 10 −13 ) at the 68% CL.
Theoretical uncertainties
The theoretical uncertainty ofΠ plotted in figure 5 was estimated in [53] by comparing the value ofΠ of the asteroseismological model with those values corresponding to eigenmodes with similar periods belonging to models with M = 0.741 M and M = 0.609 M at the same effective temperatures than the asteroseismological model. These are the immediate lower an higher mass values of the grid (see Fig. 4 ). Assuming that the uncertainties do not depend on g ae , the error derived in [53] was extrapolated to the values ofΠ with axion emission. Additional uncertainties in the theoretical quantities result from different uncertainties throughout the calculation of the previous stellar evolution. As the periods of a WD are sensitive to the adopted chemical profile, the uncertainties in the chemical profile translate into uncertainties in the structure of the asteroseismological model. The chemical profile of a WD depends on the 12 C(α, γ) 16 O reaction rate and extramixing adopted durign the core helium burning phase of the WD progenitor. Also, any process that affects the cooling rate of the WD could affects the value ofΠ. For example, the exact values of the rate of neutrino emission and of the mass of the He envelope of the model influence the cooling times.
A robust estimate of the theoretical errors due to the uncertainties in the previous evolution of the WD is not a trivial issue, and is beyond the scope of this work. However, in order to have a rough estimate of the impact of the uncertainties in the progenitor evolution, we estimated the changes in the value ofΠ for models with effective temperature, stellar mass and periods similar of the asteroseismological model, but with chemical profiles that have been artificially modified at high temperatures. The value of the 12 C(α, γ) 16 O reaction rate has an uncertainty of about ±30% [59] and it affects directly the relative abundance of 12 C and 16 O of the resulting WD core. Since the specific heat of the carbon-oxygen (C-O) plasma is lower the higher the O content, a core made of pure O will cool faster than a mixture of C and O. Therefore, in the extreme case of a core made of pure O, the value ofΠ reached at the temperature of the asteroseismological model would be higher than in a mixture of C and O. Even in this case, we obtain a value ofΠ lower than the observed one. We obtainΠ = 1.19 × 10 −13 s/s, which is ∆Π CO = 0.38 × 10 −13 s/s higher than in the asteroseismological model. We conclude that, even in the extreme case in which the core is made of pure O, the variation ∆Π CO is smaller than Π .
We also artificially modified the content of He of the model at high temperature. The total He content of the full-evolutionary model adopted in the asteroseismological model is M He /M ∼ 5.5 × 10 −3 . At the luminosities corresponding of the DBV instability strip, WD models with a thinner He layer cool slightly faster than a model with a thicker He layer [29, 60] . Therefore, we artificially reduced the He content by two order of magnitude. The value ofΠ reached at the temperature of the asteroseismological model is slightly higher than in the asteroseismological model. The difference is ∆Π He = 0.27 × 10 −13 s/s, lower than Π . In summary, the uncertainties inΠ due to the uncertainties in the C-O chemical profile and in the value of M He are included in the uncertainty Π adopted in the previous section to infer the upper limit to g ae .
Constraints taking into account spectroscopic data
While the previous constraint relies on the accuracy of the asteroseismological model, it is also possible to obtain to the axion mass relying on the spectroscopically inferred properties and the theoretically predicted period changes of DBV stars.
The inferred effective temperature for PG 1351+489 depends on the adopted chemical composition in the model atmosphere calculations. The values of effective temperature and surface gravity derived by different authors are listed in Table 1 , and plotted in Figure 4 with the corresponding values from the asteroseismological model of [53] . The values quoted in [54] correspond to an atmosphere of pure He, and an atmosphere with traces of H. The effective temperature derived by [55] was obtained from a model atmosphere with impurities of H.
In order to obtain a bound to g ae almost independently of the asteroseismological model and its uncertainties, we compared the observed value ofΠ with those corresponding to Reference Composition
[54] He + H 22600 ± 700 7.90 ± 0.03 [54] pure He 26100 ± 700 7.89 ± 0.03 [55] He + H 26010 ± 1536 7.91 ± 0.07 Table 1 . Effective temperatures and surface gravities determined spectroscopically for PG 1351+489.
different WD models, chosen in order to take into account the wide range of the spectroscopic effective temperatures derived for this star. The temperatures and masses of the models, and the characteristics of the modes employed in the analysis are listed in Table 2 . For each model we chosen two pulsation eigenmodes with periods that enclose the observed period of 489 s.
As the dominant uncertainty in the cooling rates of DBV stars is that introduced by the 12 C(α, γ) 16 O reaction rate [61] , we estimated an uncertainty in the theoretical values oḟ Π due to the uncertainty in the value of the 12 C(α, γ) 16 O reaction rate. In the frame of the Mestel cooling law, [62] where A is the mass number and µ the mean molecular weight at the envelope. For a given period, the only quantity affected by the C/O ratio of the core is the mean mass number. We can write the change inΠ due to the change in A as
In the work of [18] , the authors changed the value of the reaction rate in a factor f = 0.5 and f = 1.5, and computed the previous stellar evolution for each value of f . The central abundances of C and O obtained by these authors for the resulting WD core are X C = 0.505 and X O = 0.482 respectively, for the case of f = 0.5, and X C = 0.193 and X O = 0.795 for the case of f = 1.5. Using these abundances we calculated a mean mass number for the C-O plasma for each value of f , < A f =1.5 > and < A f =0.5 >, and estimated the relative change in A as dA
This implies an uncertainty inΠ of Π 0.1Π. The resulting values of Π are listed in Table  2 , and are very small values.
The results of our analysis are shown in figure 6 . The more conservative constraint cames from the coolest model, and results m a cos 2 β 19.5 meV, or for the axion-electron coupling constant g ae 5.5 × 10 −13 .
Summary and conclusions
We studied the impact of axion emission on the evolutionary and pulsational properties of DB WDs, based on state-of-the-art evolutionary models of DB WDs consistent with the complete evolution of the progenitor stars. We covered the wide range of axion masses allowed by astrophysical considerations, and calculated non-radial, adiabatic g-mode pulsations in the Table 2 . Temperatures, surface gravities, stellar masses and the characteristics of the modes employed to derive a limit on g ae . k is the radial order, Π the pulsation period,Π its rate of change, and Π an estimated uncertainty that take into acoount the uncertainty in the 12 C(α, γ) 16 O reaction rate.
range of effective temperatures characteristic of the inestability strip of DBVs. Our results indicate that at fixed temperatures the periods do not vary significantly with axion mass, while theΠ are significantly affected. These results agree with the findings of [14] for the case of DAV WDs.
We also derived for a first time an upper bound to axion-electron coupling constant employing a DBV star, PG1351+489, using the estimation ofΠ for this star derived by [30] . Employing an asteroseismological model for this star obtained by [53] , that reproduces the four periods of pulsation observed in PG1351+489, we obtained an upper bound of g ae < 3.3 × 10 −13 , or in terms of the axion mass m a cos 2 β 11.5 meV. Based on DB WD models that reproduce the spectroscopic characteristics of PG1351+489, which are independent of a particular asteroseismological model, we obtained g ae < 5.5 × 10 −13 or m a cos 2 β 19.5 meV. These results are less restrictive than the bounds derived by WDLFs, and can be improved if the uncertainties in the measured value ofΠ are improved. Based on the upper limit of the measured value ofΠ and taken into account the wide range of effective temperature derived for PG1351+489, the bound is consistent with that derived by [18] and [19] from the asteroseismological study of DAV WDs. It is worth noting that our results are independent of the limits derived from WDLFs, red giant stars on globular clusters and the asteroseismological study of DAV WDs, and therefore are affected by different unknown systematic errors.
